We studied the ground and excited states properties for Zr isotopes starting from proton to neutron drip-lines using the relativistic and non-relativistic mean field formalisms with BCS and Bogoliubov pairing. The celebrity NL3 and SLy4 parameter sets are used in the calculations. We find spherical ground and low-lying largedeformed excited states in most of the isotopes. Several couples of Ω π = 1/2 ± parity doublets configurations are found, while analyzing the single-particle energy levels of the largedeformed configurations.
Introduction
Although the nuclear shape co-existence for various mass regions of the periodic table is a well known phenomena, it remains an interesting investigation till today. On the other hand, the existence of parity doublet is relatively new.
1, 2 The origin and manifestation of such an interesting observable is not yet known clearly. It is reported that the parity doublet is not visible in a nucleus with normal/spherical deformation. However, the existence of parity doublet is possible for nuclei with highly deformed shape. In this case, two orbitals with opposite parity lie very close to each other. Since, the parity doublet is only appeared in largedeformed configuration and not in normal or spherical shape, the possibility of its origin may be related to its shape, i.e. with deformed orbitals. That means, in normal situation, the high lying partner of the doublet does not come nearer to the low lying one but when the nucleus gets deformed, gives rise a Nilsson like structure in the largedeformed state. The shape co-existence, i.e., two different shapes with very close in energy is also a rare, but known incident in nuclear structure physics. [3] [4] [5] [6] [7] In this case, both the solutions are nearly or completely degenerate (different configuration with same energy). This phenomenon is mostly visible in the mass region A = 100 of the periodic table. 8 Here, we have chosen Zr nucleus as a potential candidate both for shape co-existence and study of parity doublets using the well known relativistic (RMF) and non-relativistic (SHF) mean field formalisms. The NL3 and SLy4 parametrization with BCS and Bogoliubov pair prescriptions used to take care of the pairing for the open shell nuclei. The paper is organized as follows: In sections 2 and 3, we have given a brief outline about the non-relativistic Skyrme-Hartree-Fock-Bogoliubov (SHFB) and relativistic mean field (RMF) formalisms. Our results are discussed in section 4. A concluding remark is given in section 5.
Skyrme-Hartree-Fock-Bogoliubov Approximation :
The energy density functional with Skyrme-Hartree-Fock-Bogoliubov Approximation is a powerful theoretical formalism to deal with finite nuclei starting from both proton to neutron drip-lines. 9 In this calculations, we have used the most successful SLy4 parameter set 10 with zero-range Bogoliubov pairing interaction for open shell nuclei. The numerical calculations are done using an axially deformed Harmonic oscillator (HO) basis state expansion to solve the Schrödinger equation iteratively. The numerical calculations are carried out using the code HFBTHO (v1.66p) 11 that solve the equation self-consistently. For Skyrme forces, the HFB energy has the form of a local energy density functional: [14] [15] [16] [17] 
where, Hamiltonian density H:
is the sum of the mean-field and pairing energy densities. In the present implementation, we use the following explicit forms:
The index q labels the neutron (q = n) or proton (q = p) densities, while densities without index q denote the sums of proton and neutron densities. H(r) andH(r) depend on the particle local density ρ(r), pairing local densityρ(r), kinetic energy density τ (r), and spin-current density J ij (r). The number of oscillator shells N sh = 20 to avoid the convergence problem and basis parameter b 0 = b 2 z + b 2 ⊥ are used in the calculations. A detail numerical technique is available in Ref.
11 and the notations are their usual meaning.
Pairing Correlations in SHF formalism
In non-relativistic Skyrme-Hartree-Fock-Bogoliubov (SHFB) formalism, we have included pairing correlation by using Lipkin-Nogami (LN) prescription. 11, 12 In this calculation, the LN method is implemented by perturbing the SHFB calculation with an additional term h = h − 2λ 2 (1 − 2ρ) is included in the HF Hamiltonian, where the parameter λ 2 is iteratively calculated so as to properly describe the curvature of the total energy as a function of the particle number. For an arbitrary two-body interactionV , λ 2 can be calculated from the particle number dispersion according the following relation:
where |0 > is the quasiparticle vacuum,N is the particle number operator, and |4 >< 4| is the projection operator onto the 4-quasiparticle operator space. The final expression for the λ 2 can be written in following simple form:
where κ is the pairing tensor and potentials are given as:
and
which can be calculated in a full analogy to Γ and ∆ by replacing ρ and κ by ρ(1−ρ) and ρκ, respectively. In case of the seniority-pairing interaction with strength G, equation (6) can be simplified to
The equation (6) can be well approximated by the seniority-pairing expression (9) with the effective strength (G) and can be written in terms of pairing energy (E pair ) and average pairing gap (∆): 18 Average pairing gap (∆) is obtained from the level density. Thus, it varies from nucleus to nucleus depending on the density distribution of nucleons. The results for pairing gap ( n , p ), effective strength (G n , G p ) and pairing energy (E pair ) for Zr isotopes are given in Table 3 .
Theoretical Framework for Relativistic Mean Field Model
The relativistic mean field (RMF) model [19] [20] [21] [22] [23] [24] [25] is very successful in recent years for both finite nuclei and infinite nuclear matter from normal to super-normal conditions. In the present calculations, we have used the RMF Lagrangian 19 with the NL3 parameter set, 26 which is quite successful for both β-stable and drip-lines nuclei. The Lagrangian contains the terms of interaction between mesons and nucleons and also self-interaction of isoscalar scalar sigma meson. The other mesons are isoscalar vector omega and isovector vector rho mesons. The photon field A µ is included to take care of the Coulombic interaction of protons. A definite set of coupled equations are obtained from the Lagrangian which are solved self-consistently in an axially deformed Harmonic Oscillator (HO) basis with N F = N B = 12, Fermionic and Bosonic oscillator quanta, respectively. A detail study about choosing the HO basis is given in subsection 3.2. The relativistic Lagrangian density for a nucleon-meson many-body systems is written as:
Here, sigma meson field is denoted by σ, omega meson field by V µ and rho meson field by R u and A µ denotes the electromagnetic field, which couples to the protons. The Dirac spinors are given by ψ for the nucleons, whose third component of isospin is denoted by τ 3 and g s , g 2 , g 3 , g ω , g ρ are the coupling constants. The center of mass (c.m.) motion energy correction is estimated by the harmonic oscillator approximation E c.m. = 3 4 (41A −1/3 ). From the resulting proton and neutron quadrupole moments, the quadrupole deformation parameter β 2 is defined as:
with R 0 = 1.2A 1/3 (fm), and the root mean square matter radius are given as:
where A is the mass number, and ρ(r ⊥ , z) is the deformed density. The total binding energy and other observables are also obtained by using the standard relations.
19, 20
Pairing Correlations in RMF formalism
The pairing correlation plays an important role in open shell nuclei to describe the ground state properties, like binding energy, charge radius, single particle energy level and deformation. The relativistic Lagrangian contains only terms like ψ † ψ, and no terms of the form ψ † ψ † at the mean level. The inclusion of the pairing correlation of the form ψψ and two-body interaction ψ † ψ † ψψ in the Lagrangian violate the particle number conservation. 28 We used the pairing correlation externally in the RMF model. In our calculation, the constant gap BCS-approach take care the pairing correlation for open shell nuclei. The general expression for pairing energy in terms of occupation probabilities v 
with G = pairing force constant. The variational approach with respect to v 2 i gives the BCS equation:
The occupation number is defined as:
The values of for the nucleons (neutron and proton) is taken from the phenomenological formulae of Madland and Nix:
where, I = (N − Z)/A, r = 5.73 MeV, s = 0.117, and t = 7.96. The chemical potentials λ n and λ p are determined by the particle numbers for neutrons and protons. Finally, the pairing energy is computed as:
For a particular value of and G, the pairing energy E pair diverges, if it is extended to an infinite configuration space. In fact, in all realistic calculations with finite range forces, the contribution of states of large momenta above the Fermi surface (for a particular nucleus) to decreases with energy. Therefore, we use a pairing window, where the equations are extended up to the level | i − λ| ≤ 2(41A −1/3 ) which is the function of single particle energy. The factor 2 has been determined so as to reproduce the pairing correlation energy for neutrons in 118 Sn using Gogny force. 22, 28, 30 It is to be noted that recently Karatzikos et al. 31 has shown that if one use the constant pairing window which is adjusted for one state at particular deformation then it may lead to errors at different energy solution (different state solution). However, we have not taken this problem into account in our calculations, as we have adjusted to reproduce the pairing as a whole of 118 Sn nucleus.
Selection of Basis Space
After getting the self-consistent mean field equations for both Fermions and Bosons, we need to solve these equations by expanding the wave functions (potentials) in the deformed harmonic oscillator basis and solve the self consistent equations iteratively. For the exotic (drip-line) nuclei more harmonic oscillator quanta require to get the proper convergence of the system. In our calculations, we used the harmonic oscillator quanta N F =N B =12, where N F for Fermionic and N B for Bosonic quanta. The convergence of the physical observable like binding energy (BE), root mean square matter radius (r rms ) and quadrupole deformation parameter (β 2 ) with the harmonic oscillator basis are tested and obtained results are shown in Figure 1 . We used the non-constraint calculation (free solution) to get the physical observables and for the large initial deformation basis parameter (β 0 = 0.6), because we want to check the convergence for the large deformation basis parameter. If we increase the basis quanta from 12 to 14 the increment in the energy is ∼ 0.21MeV which is near the accuracy of the theoretical models and by increasing the basis space the convergence time increases dramatically, so we use the optimum basis space which is suitable for the present calculations. Thus N F =N B ≥12 is enough for the convergence of the system which is shown in Figure 1 . To study the convergence of solutions in both RMF (NL3) and SHF (Sly4) formalisms, we have calculated the binding energy and corresponding quadrupole moment with different initial guess for the quadrupole moments. It is found that the calculated quadrupole deformation parameter β 2 is independent of the initial guess value of deformation β 0 . Both the formalisms give almost similar results except spherical solution obtained with an initial deformation β 0 = 0.03. Due to this suspicious behavior of the SHF(SLy4) result at the spherical solution, we ignore it for further analysis. We perform the free calculation for 82,100,102,104 Zr isotopes and calculated results are given in Table 2 . It is to be noted that from the potential energy surface curve as well as from the analysis of basis deformation, we get a spherical solution for lighter isotopes of Zr, such as 82−92 Zr. However, the zero deformation does not stable for heavier masses of Zr upto A = 106. Again the appearence of zero solution get stabilize with increase mass number (see PES curve).
Calculations and Results
We used the non-constraint calculation in both the RMF and SHF formalisms. For this, first we put some initial guess value of basis deformation parameter and let the system goes to find out the minimum energy state in local region corresponding to the initial guess i.e. β 0 . We put the three guess values for each nucleus (β 0 = 0.001, ±0.3). In this case, final state (shape) of the nucleus may be different from the initial guess β 0 parameter. Both the SHF and RMF formalisms predict very good binding energy, root mean square (rms) radius and quadrupole deformation parameter β 2 , not only for nuclei in stability line, but also for drip-lines nuclei. In this work, we have analyzed the structure of proton and neutron-rich Zr nuclei and studied two important phenomena such as (i) shape co-existence and (ii) parity doublet for some specific Zr isotopes. For this, we obtain matter radius r m , quadrupole deformation parameter β 2 and ground state binding energy from proton to neutron drip-lines. The calculated results are given in Table 1 and the shape co-existence and parity doublets are shown in Figs. 3 to 6. 
Potential Energy Surface (PES)
In our considered Zr isotopes, many nuclei are deformed in their ground state and for calculating the ground state properties one should include the deformation into the formalism. It may possible that some nuclei have almost same energy with different shape configurations (spherical, prolate or oblate), this type of states are known as shape coexistence. To get the solution with different deformations one should perform the constraint calculation as a function of quadrupole deformation parameter with various constraint binding energy (BE c ). For constraint calculation, we minimized < H > instead of < H > which are related to each other by the following relation:
where, λ is the Lagrange multiplier which is fixed by the constraint < Q > λ = Q 0 . We have done the constraint calculation for Zr isotopes for both the parameter sets (NL3 and SLy4) and obtained results are shown in Figure 2 . We get almost similar results in both the formalisms. For example, the three minima of 110 Zr are located at β 2 = -0.217, 0.0 and 0.398 respectively. Similar situation can be found for 108,112 Zr nuclei. The ground-state potential energy surfaces allow us to determine the equilibrium shapes (the lowest minimum). It is worthy to mention here that the minima near zero is not well developed, but may be considered as an isomeric state.
The γ−soft configuration 37 is (energy almost constant for a large range of deformation) obtained in both models which clearly noticed in Fig. 2 . For example, 84 Zr isotopes have γ−soft surface near the β 2 ≈-0.2 to 0.5 deformation in RMF (NL3) model and 98 Zr also followed the same trends in SHF(SLy4) formalism. In these cases, a triaxial calculation is most welcome to get a detail account on the potential energy surfaces. The free and constraint solution are giving the similar results for the ground state energy and shape configuration.
Binding energy and shape co-existence
The nuclear binding energy (BE) is a physical quantity, which is precisely measured experimentally and is responsible for nuclear stability and structure of nuclei. The maximum binding energy corresponds to the ground state and all other solutions are intrinsic excited states of a nucleus. These are not necessarily the lowest excitations, there could be rotational excitations below their first excited state, which is beyond the scope of our present calculations for further analysis. The BE for Zr isotopes obtained by SHF(SLy4) and RMF(NL3) calculations are depicted in Table 1 and the results compare with experimental data, 38-40 wherever available. From the ground and excited intrinsic states binding energies, we have measured their difference BE = BE(gs) − BE(es) and examined the shape co-existence phenomena. When we find a small value of BE, then we termed it as a case of shape co-existence (degenerate solutions with different quadrupole deformations). The shape co-existence means, there is a maximum possibility of the nucleus, find in either shapes. The binding energy difference between the ground and first and second intrinsic excited states are shown in Fig. 3 for Zr isotopes. The solid line is the zero reference label, which marks the shape co-existence line. The points which are on the line are designated as perfectly shape co-existence nuclei. The shape co-existence in A = 80 mass region of nuclei using RMF formalism is reported in Refs. 3, 28, 41 Here, it has shown that the neutron deficient nuclei in this mass region possess spherical and largedeformed structures. In the present work, we would like to show that not only the neutron-deficient Zr isotopes have shape co-existence, but also other normal and neutron-rich Zr isotopes have low-lying largedeformed configuration including the normal/spherical shape. Some times it so happens that the largedeformed solution becomes the ground state ( 98 Zr, β 2 =0.497 in RMF ) as shown in the Table 1 . The nuclei with shape co-existence shows the transition between the spherical to oblate to prolate due to minimum energy barrier between the shape co-existence states. There are many isotopes ( 96,98,100,102,108 Zr), which have ∆BE ≤ 1 MeV for both cases like 1 st and 2 nd intrinsic excited states. These type of shape co-existence called triple shape co-existence. 8 If we see the ∆BE for 108 Zr in Figure 3 , its excited state has almost same energy with its ground state, leading to the phenomenon of shape co-existence. These type of nuclei show the shape co-existence in their excited state and performed the shape change/ fluctuation in application of a small Table 2 . The binding energy BE (MeV), quadrupole deformation parameter β 2 and basis deformation parameter β 0 for Zr isotopes.
energy (≤ 1 MeV). The shape co-existence is very important in the reaction study, because surface density distribution plays a crucial role in the cross-section and it will change by applying small perturbation in energy. Some isotopes of Zr are predicted to be triaxial (γ = 0) 42 in shape, which is one more degree of freedom in shape orientation. The study of phenomenon is beyond the scope of this work, as we have used the axially symmetric formalism for the deformed nuclei.
Analyzing Fig. 3 and the binding energy results of Table 1 , it is clear that the prediction of RMF(NL3) and SHF(SLy4) are almost similar. Again, comparing the results with experimental data, the SLy4 parameter set reproduce the data similar Table 3 . The pairing gap, effective strenth and pairing energy for Zr isotopes. or even better than NL3 set of the RMF formalism. In general, both the SHF and RMF have tremendous predictive power upto a great extend of accuracy and can be used the results to most part of the mass Table. 4.3. Evolution of single particle energy with deformation
RMF (NL3)
In this section, we have calculated the single particle energy of some selected Nilsson orbits with the different values of deformation parameter β 2 by the constraint calculation. The obtained results are given in Figure 4 , where positive parity orbits shown by dotted and negative parity by solid lines for 100 Zr isotope. The single particle energy for neutron is given in Figure 4 (a) and proton single particle energy in Figure 4 Figure 4(a,b) . But as increase the energy of the levels, variation of single particle energy is also increases with the deformation parameter as shown in Figure. We have plotted similar curve for 3 2 ± orbits for the same nucleus 100 Zr and obtained results are given in Figure 4 (c,d) for neutron and proton, respectively. The evolution of single particle energy levels with deformation parameters followed similar nature of 1 2 ± orbits. We repeated the calculation in non-relativistic SHF model also and obtained almost similar trend of levels, so we are not presenting the SHF results for the single particle energy evolution with deformation in the present manuscript. The single particle energies are evolved with the deformation parameter and opposite parity orbits are come closer with deformation. A detail study is done in next section, where we will discuss about the parity doublets in the orbits at large deformation. 
Largedeformed configuration and parity doublet
The parity doublet is an interesting configuration for the largedeformed state of a nucleus. Recently, it is reported by Singh et al. 1 that, there exist a parity doublet in the largedeformed configuration for light mass nuclei. In the present calculations, we have extended the investigation to relatively heavier mass region of the periodic chart. In this case, we focused our study for Zr isotopes, where shape co-existence is an usual phenomenon. In most of the cases of Zr isotopes, we get a spherical or a normal deformed solution along with a largedeformed state both in the RMF(NL3) and SHF(SLy4) calculations. The evolution of single particle energy with deformation parameter β 2 for some selected nuclei are depicted in Figs. 5 and 6. The parity doublets are marked by their asymptotic quantum number [N, n z , Λ], where N is principle quantum number, n z is number of nodes of the wave function in the z−direction (the number of times the radial wave function crosses zero). Larger n z values corresponds to wave function more extended in the z−direction which means lower energy orbits, Λ is the projection of the orbital angular momentum on to the z−axis. Similar to the case of light mass nuclei, 1 in case of Zr isotopes also, the deformation-driving Ω π = tions from the shell above, in contrast to the normal deformed solutions. For each nucleus, we have compared the normal/spherical deformed and the largedeformed configurations single particle energy orbits and analyzed the parity doublets states and some of them are given in this work. The occurrence of approximate Figure 5 , the energy level for spherical shape for opposite parity are well separated from each other, but becomes closer with deformation which shows the parity doublets in the system. For example, in case of 80 Zr, if we plot the single particle energy level for neutron, then the energy levels − of proton intrinsic single particle energy distribution, i.e. in normal deformation, these two levels are separated from each other by 16.8 MeV, but in largedeformed case (β 2 =0.480), it becomes closer (∼ 0.5 MeV). Qualitatively, the same behavior appears in the SHF(SLy4) results also (left panel of the Figure) . In Figure 6 , for 100 Zr we have given the largedeformed orbits for prolate and oblate cases both for RMF(NL3) and SHF(SLy4) models. Here also, we are getting the parity doublet in oblate and prolate shapes, which implies that parity doublets are driving by the deformation and it will occur at the large deformation. Some parity doublet orbits are shown by Nilsson representation [N, n z , Λ] in Figure 6 . If we put close inspection on Figure 6 
Summary and Conclusions
We calculate the ground and low-lying excited state properties, like binding energy and quadrupole deformation parameter β 2 using RMF(NL3) and SHF(SLy4) formalisms for Zr isotopes near the drip-line regions. In general both the RMF and SHF predict very good results throughout the isotropic chain. We are getting the double and triple shape co-existence from our analysis in some Zr isotopes, which is consistent with the earlier data. The present prediction of parity doublet may be a challenge for the experimentalist to look for such configuration states. In general, we find large deformed solutions for the neutron-drip nuclei, which agree with the experimental measurements. In the calculations, a large number of low-lying intrinsic largedeformed excited states are predicted in many of the isotopes, which shows the parity doublet near the Fermi levels. The parity doublet levels are nearly degenerated in excited states which can make the two different parity band by transition of two particles from reference frame to these degenerate opposite parity levels. It may be solved the problem of existence of the twin bands and quantization of alignments of shapes. This analysis will help us to understand the intrinsic excited states of the Zr and other similar isotopes. In this respect, some more calculations are required to build a general idea about the omega parity doublets.
